Abstract-In this paper, a global stability analysis is given for a rate-based congestion control system modeled by a nonlinear delayed differential equation. The model determines the dynamics of a single-source single-link network, with a timevarying capacity of link and a fixed communication delay. We obtain a sufficient delay-independent conditions on system parameters under which global asymptotic stability of the system is guarantied. The proof is based on an extension of LyapunovKrasovskii theorem for a class of nonlinear time-delay systems. The numerical simulations for a typical scenario justify the theoretical results.
INTRODUCTION
In recent years, the Internet grows explosively, and there has been a critical necessity for efficient schemes to overcome the congestion problem as the number of network users continues to increase. The Internet congestion control system employs rate controllers at the sources and the routers, which are often modeled by Nonlinear Delayed Differential Equations (NDDEs) [1] . The existence of nonlinearity and delay in the congestion control system leads to undesirable behavior and instability that can degrade the network performance [2] . Therefore, there has been a surge of interest to improve the congestion control mechanisms in order to ensure the global stability and the performance of the network. However, the global stability analysis of NDDEs is a difficult problem. Therefore, researchers are constrained to the investigation of the properties of their nonlinear undelayed versions, or the linearized delayed ones [3] [4] [5] [6] [7] [8] [9] [10] . In this paper, we present a novel approach for global stability analysis of the network in the presence of nonlinearity, delay and a time-varying parameter.
The network stability analysis has been extensively studied since the work of Kelly et al. [3] . It has been proven that the congestion control algorithms are globally asymptotically stable in the absence of delays [3] [4] [5] [6] . In [3, 4] a stability condition was derived for a single proportionally fair congestion controller with delayed feedback. Since then, the linear stability properties of congestion control algorithms have been investigated in the presence of non-negligible delays [7] [8] [9] [10] . The stability conditions studied in these works are based on linearized system and local stability analysis. Analysis based on linearization is usually misleading because the effect of nonlinearity is ignored.
Global stability analysis of NDDE models in the presence of delays and nonlinearities is difficult. However, this problem has been addressed in several papers [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Most results concentrate on the Lyapunov-Razumikhin (L-R) stability theory, since the construction of Lyapunov-Krasovskii (L-K) functional is more difficult than that of L-R function [26] . The Lyapunov functions in L-R based methods can only account for a small amount of the energy in the system and they can not account for the energy hidden by the delay.
In this paper, we analyze Kelly's optimization framework [3] for a rate allocation problem and derive the delay independent global stability conditions. Our analysis provides new results for the global stability of networks with delay and time-varying link capacity. The approach is based on an extension of L-K method of global stability analysis for networks as a system described by NDDEs with a fixed delay and a time-varying parameter. Unlike the most of previous works, the obtained conditions are delay-independent and, as a result, the network is stable and robust with arbitrary communication delay. We also consider that the capacity of the network link is time-varying. We assume that current link capacity depends on the rate of the source at current and previous times and the capacity of the link at previous times.
The paper is organized as follows. In Section II, the ratebased model of congestion control system is given. The stability criteria for the congestion control algorithm with delay and time-varying link capacity is obtained in Section III. In Section IV, an example is simulated to show the results for a simple scenario. Finally concluding remarks are given in Section V.
II. THE MODEL

A. Rate-Based Congestion Control Problem
We consider a fluid model of a network whose topology characterized by a single source/user and a single link/resource. The source has an associated transmission rate x(t). The information from the source passes through a link. The link (wired or wireless) has time-varying capacity c(t).
The source's transmission rate x(t) satisfies the bounds max min
. The upper bound on the source's flow rate may be a user-specific physical limitation, and the lower bound is due to the fact that the source needs to probe the congestion level of the network by continually transmitting packets. Each source attains a utility of U(x) which is an increasing, strictly concave and continuously differentiable function over the range x>0 [3] . As an example, a weighted proportionally fair utility function is of the form U(.)=wlog(.), where w is the weight of the source flow. In addition, the link charges a price per unit described by a function p(.) which is a strictly increasing and continuously differentiable function of the rate going through the link. The price of the link may depend on the link congestion, the loss probability, etc. We also suppose that the transmission of information between the source and the link is delayed due to the link propagation.
The aim of congestion control scheme is to adjust the source's flow rate in order to maximize the utility over the source rate x(t), subject to the constraints of the link capacity, i.e., )
. Formally, the rate control problem in the optimization framework proposed in [3] is given by
Kelly et al. [3] show that there always exists a transmission rate of source such that uniquely solves the above optimization problem. The unique solution of this optimization problem can be obtained using a gradient projection algorithm [5] . The unique solution of the utility maximization problem (1) is the equilibrium point of primal algorithm.
B. The Primal Algorithm
In this paper, we consider a model of the primal algorithm for studying global stability. We assume that the price function of the link depends on the link capacity. The capacity of a link in prior works is assumed to be fixed, i.e., in the optimization problem c is not a time-varying function [19, 25] . In this paper, we assume that the link has time-varying capacity. Evidently, time-varying capacity demand new investigation on the stability and optimality of traffic congestion control algorithms. 
). Therefore, we consider a model of the primal algorithm described by the following delayed differential equation
where κ is a positive gain parameter.
The feedback information from the link to the source, which is typically carried by acknowledgments, is delayed due to link propagation. Let as the total round-trip delay before the receipt of the acknowledgement of a packet. The price of the link at time t depends on the rate of the source at time f t τ − due to the delay from the source to the link, and the rate of the source is adjusted based on the information of the link at time r t τ − due to the delay from the link to source. Under these assumptions, the end user dynamical model is given by ) ( )
where r T τ = .
In this paper, we consider the primal algorithm described by the model (3) and establish out stability analysis.
III. GLOBAL STABILITY ANALYSIS
We now determine the sufficient delay-independent conditions for global stability of a single link single source network with fixed delay and time-varying link capacity described by (3) .
Let the utility function be ) ) ( / ( 1 ) • (A3) the function g(.) is continuous, positive, and decreasing function, and satisfy the following conditions for all x:
The equilibrium point of the system satisfies 
(t).
For completeness and convenience, we first introduce L-K theory for the case of a nonlinear and unforced time-delay system with a fixed delay. We have the following definitions Let us, consider the following equation
where f:ℜ×C→ℜ.
is a continuously differentiable functional and define the right hand derivative of V along the solution of (5) by
The stability analysis of the system described by (5) has been provided by L-K theorem, which is stated as follows. 
, for all C ∈ φ then, the system (5) is stable. Further, if (.) γ is of class κ , then the system is asymptotically stable. Now, we propose the main result of the paper by the following theorem. It can be easily shown that this L-K functional is continuously differentiable and satisfies the hypothesis (i) of Theorem 1. In addition, we have . Fig. 1 shows the simulation results for the case that the conditions of Theorem 2 is not satisfied. It is obvious that the system is not stable and there exist oscillations in the flow rates. If we change the parameter b to 0.2, the condition of Theorem 2 in the range of x and c will be satisfied, and the system will be asymptotically stable as shown in Fig. 2 . Using the Lyapunov-Krasovskii's stability theorem, we have shown that the system is globally asymptotically stable when some delay-independent conditions on the source and link parameters are satisfied. The results can be extended to a general multi-source multi-link network.
